ABSTRACT. In this paper, we study the initial value problem of the Navier-Stokes equations in the half-space. Let a solenoidal initial velocity be given in the function spaceḂ
GLOBAL IN TIME SOLVABILITY OF THE NAVIER-STOKES EQUATIONS IN THE HALF-SPACE
TONGKEUN
Introduction
Let R n + = {x ∈ R n | x n > 0}, n ≥ 2. In this paper, we study the following nonstationary Navier-Stokes equations u t − ∆u + ∇p = −div(u ⊗ u), div u = 0 in R n + × (0, ∞), u| t=0 = h, u| xn=0 = 0, (1.1)
where u = (u 1 , · · · , u n ) and p are the unknown velocity and pressure, respectively, h = (h 1 , · · · , h n )
is the given initial data.
Since the nonstationary Navier-Stokes equations are invariant under the scaling u λ (x, t) = λu(λx, λ 2 t), p λ (x, t) = λ 2 p(λx, λ 2 t), h λ = λh(λx),
it is important to study (1.1) in the so-called critical spaces, i.e., the function spaces with norms invariant under the scaling u(x, t) → λu(λx, λ 2 t).
There are a number of papers dealt with global well-posedness for (1.1) in critical spaces in the half space. Among them, R. Farwig, H. Sohr and W. Varnhorn [15] showed that if h ∈Ḃ pq (R n + ) with n p + 2 q = 1 and 1 < p, q < ∞ has sufficiently small norm, then (1.1) has a unique solution u ∈ L q (0, ∞; L p (R n + )). Moreover, R. Farwig, Y. Giga and P. Hsu [13] , showed if h ∈Ḃ
−1+
n p pq (R n + ) with n p + 2 q = 1 − 2α, 1 2 ≥ α ≥ 0 and 1 < p, q < ∞, then (1.1) has a unique solution satisfying
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(Also see [7] and [8] ).
R. Danchin and P. Zhang in [12] have studied global solvability of inhomogeneous NavierStokes equations in the half space with bounded density, and showed that if the initial velocity inḂ −1+ n p pq (R n + ) with n 3 < p < n, 1 < q < ∞ and q ≥ 2p 3p−n is small and initial density in L ∞ (R n + ) is close enough to the homogeneous fluid, then (1.1) has a unique solution satisfying
for some β, γ > 0, 1 < p 2 , p 3 , q 2 , q 3 < ∞ with α = β + γ, .
The limiting case q = ∞ has been studied by M. Cannone, F. Planchon, and M. Schonbek [5] for h ∈ L 3 (R 3 + )(⊂ B
3 p p∞ (R 3 + )), by H. Amann [3] for h ∈ b −1+ n p p,∞ (R n + ), p > n 3 , p = n, and by M. Ri, P. Zhang and Z. Zhang [26] for h ∈ b 0 n∞ (R n + ), where b s pq (Ω) denotes the completion of the generalized Sobolev space H s p (Ω) in B s pq (Ω). In particular, in [5] , the solution exists globally in time when h is small enough. See also [2, 14, 18, 22, 24, 25, 30] and the references therein for initial value problem of Navier-Stokes equations in the half space.
Our study in this paper is motivated by the result in [5] and [12] . The following texts state our main results.
pq,0 (R n + ) with div h = 0. Then, there is ǫ * > 0 and p < p 0 , 1 < q 0 < ∞ with
Note that since −
pp (0, ∞)) (see [10] 
The explanation of function spaces and notations is placed in Section 2. (1) The authors in the papers [13] and [15] 
For the proof of Theorem 1.1, it is necessary to study the following initial value problem of the Stokes equations in R n + × (0, ∞):
where f = divF.
In [17] , M. Giga, Y. Giga and H. Sohr showed that if f ∈ L q (0, T ;D(A −α p (Ω)) and h = 0 then the solution u of Stokes equations (1.2) satisfies that for 0 < α < 1,
where A p is Stokes operator and Ω is bounded domain, exterior domain or half space. In particular,
Estimates for the pressure were, however, not given in [17] .
H. Koch and V. A. Solonnikov [20] showed the unique local in time existence of solution u ∈
) and h = 0. They also showed that the corresponding pressure p is decomposed by p = p 1 + ∂P ∂t , where
. See also [18, 21, 22, 30, 32] and the references therein.
The following theorem states our result on the unique solvability of the Stokes equations (1.2).
The corresponding pressure p can be decomposed by
. (1.5)
We organize this paper as follows. In Section 2, we introduce the function spaces, definition of the weak solutions of Stokes equations and Navier-Stokes equations. In Section 3, the various estimates of operators related with Newtonian kernel and Gaussian kernel are given. In Section 4, we complete the proof of Theorem 1.4. In Section 5, we give the proof of Theorem 1.1 and Theorem 1.2 applying the estimates in Theorem 1.4 to the approximate solutions.
NOTATIONS, FUNCTION SPACES AND DEFINITIONS OF WEAK SOLUTIONS
We denote by x ′ and x = (x ′ , x n ) the points of the spaces R n−1 and R n , respectively. The
∂t for multi-index k and nonnegative integers m. Throughout this paper we denote by c various generic constants.
For s ∈ R and 1 ≤ p, q ≤ ∞, we denoteḢ s p (R n ) andḂ s pq (R n ) the generalized homogeneous Sobolev spaces(space of Bessel potentials) and the homogeneous Besov spaces in R n , respectively (see [4, 34] for the definition of function spaces). Denote byḢ s p (R n + ) andḂ s pq (R n + ) the restrictions ofḢ s p (R n ) andḂ s pq (R n ), respectively, with norms
is the collection of all infinitely differentiable real-valued functions which is compactly supported in R n + . Note that
For 1 < q < ∞ and 0 < θ < 1, we denote by (X, Y ) θ,q and [X, Y ] θ the real interpolation and complex interpolation, respectively, of the Banach space X and Y . In particular, for 0 < θ < 1,
3) 
3. Preliminary Estimates.
Trace theorem.
The following lemma is well known trace theorem (see the proof of Theorem 6.6.1 in [4] for (1) and Theorem 3.2.2 in [16] for (2)).
Embedding theorem. By the definition ofḢ
(See the proof of Theorem 6.5.1 in [4] .) Using the similar method, we obtain the following lemma. 
3.3. Newtonial potential. The fundamental solution of the Laplace equation in R n is denoted by
ω n is the surface area of the unit sphere in R n .
We define N f by [33] ). Hence the following estimates hold.
According to Calderon-Zygmund inequality
Using Lemma 3.3, (1) of Lemma 3.1 and Calderon-Zygmund inequality the following estimates also hold.
Lemma 3.4. For α ≥ 0 and 1 < p < ∞.
3.4. Gaussian kernel. The fundamental solution of the heat equation in R n is denoted by
The norm of the homogeneous Besov spaceḂ s pq (R n ) has the following equivalence: [34] for the reference). By interpolation theorem, we have the following estimates.
Lemma 3.5.
3.5. Hölder type inequality. The following Hölder type inequality is well-known result (see Lemma 2.2 in [6] ). For β > 0,
Let g be a function defined in R n + . Letg be the Adam's extension of g over R n (see Theorem 5.19 in [1] ). Then, for 1 ≤ p, q ≤ ∞ and 0 < β, we have
Using (3.3), (3.4) and Lemma 3.2 the following estimates hold.
3.6. Helmholtz projection. The Helmholtz projection P in the half-space R n + is given by
where Q 1 f and Q 2 f satisfy the following equations;
and
Note that Q 1 f and Q 2 f are represented by
Note that divPf = 0 and (Pf ) n | xn=0 = 0.
Proof. The proof of Lemma 3.7 is given in Appendix A.
Proof. The proof of Lemma 3.8 is given in Appendix B.
4. PROOF OF THEOREM 1.4
First, we decompose the Stokes equation (1.2) as the following two equations:
where G and P are defined by
Then (v, π) satisfies (4.1) (see [29] ).
From Section 4 in [11] , we have the following estimate;
and for α > 1 + 1 p , we have the following estimate;
For α > 1 p , the following estimates for π also hold.
Lemma 4.1. Let 1 < p, q < ∞ and
.
Proof. The proof of Lemma 4.1 is given in Appendix C.
4.2.
Estimate of (V, Π). Let f = Pf + ∇Qf be the decomposition of f , where P and Q are the operator defined in section 3.6. Note that div Pf = 0 and (Pf ) n | xn=0 = 0. We define (V, Π 0 ) by
where G and P are defined by (4.5)and (4.6). Then (V, Π 0 ) satisfies
(See [29] .) Let Π = Π 0 + Qf . Then, (V, Π) is solution of (4.2).
Let 1 < p < ∞ and 0 ≤ α ≤ 2. In Section 3 in [11] , the authors showed that V, Π 0 defined by (4.9) and (4.10) have the following estimates;
) . Using Lemma 3.7 and Lemma 3.8, the following theorem holds:
(4.12)
On the other hand, by Lemma 3.7 the following estimate hold for Qf .
(4.13)
For α > 1 p , the following estimates for Π 0 also hold. 
Proof. The proof of Lemma 4.2 is given in Appendix D.
4.3.
Estimate of (u, p). Note that (u, p) defined by u = V + v and p = π + Π 0 + Q div F are solution of (1.2). From (4.7) and (4.11), we get (1.3), and from (4.8), (4.12) and (4.13), we get (1.5).
Let p 1 = π 00 +Π 00 , P j = π 0j +Π 0j and P 0 = Q div F, where π 00 and π 0j are defined in Lemma we complete the proof Theorem 1.4.
NONLINEAR PROBLEM
In this section, we would like to give proofs of Theorem 1.1 and Theorem 1.2. For the purpose of them, we construct approximate velocities and then derive uniform convergence in L q (0, ∞;Ḣ α p (R n + )). 
Moreover, if 1 ≤ α, then we take ǫ 1 , ǫ 1 ∈ (0, 1) satisfying
= ǫ 1 and
1 < p 1 , q 1 , q 0 , p 0 < ∞ and 0 < β < 1 satisfy
Approximating solutions.
Let (u 1 , p 1 ) be the solution of the Stokes equations p m+1 ) which satisfies the following equations
where
(Observe that n < p 0 < ∞, 2 < q 0 < ∞ and −1 +
Under the hypothesis u m
Choose M 0 and N 0 so small that
By the mathematical induction argument, we conclude
Let p 0 , q 0 , p 1 , q 1 and β are constants defined in Subsection 5.
We apply Theorem 1.4 and Lemma 3.6, respectively, to obtain
and M so large that
satisfy the equations
Recall the uniform estimates (5.9) and (5.16) for the approximate solutions. From Theorem 1.4
and Lemma 3.6 we have
Here, α, β, p , p 0 , p 1 , q, q 0 , q 1 , N 0 , M 0 are the same numbers as in the previous subsection to satisfy the condition (5.15). Here, we take the constant c 6 greater than c 5 , that is,
Therefore, if M 0 satisfies the condition (5.15) with the additional conditions
5.6. Existence. Let u be the same one constructed in the previous Section. By the lower semi continuity we have
In this section, we will show that u satisfies weak formulation of Navier-Stokes equations (2.5), that is, u is a weak solution of Navier-Stokes equations (1.1) with appropriate distribution p. Let
) with div Φ = 0 and Φ| xn=0 = 0. Observe that
. Hence, we have the identity
Therefore u is a weak solution of Navier-Stokes equations (1.1).
) be another weak solution of Naiver-Stokes equations (1.1) with pressure p 1 . Then, (u − u 1 , p − p 1 ) satisfies the
Applying the estimate of Theorem 1.4 in [9] to the above Stokes equations, we have
(See Radon Nikodym theorem in [27] for the reference).
Hence, we have
Observe that u − u 1 satisfies the Stokes equations
Again, applying the estimate of Theorem 1.4 in [9] to the above Stokes equations, we have
After iterating this procedure infinitely, we obtain the conclusion that u = u 1 in R n + × (0, ∞). Therefore, we conclude the proof of the global in time uniqueness. 
Applying Lemma 3.6 with the second equality of (5.23) and Holder inequality with the first equality of (5.23), we have
From (5.9), we have
, from the uniformly bondedness of velocities (see (5.13)), there are t 0 and s 0 satisfying s 0 > p 2 and
is sufficiently small, then we have
). This completes the proof of the first pressure estimates.
APPENDIX A. PROOF OF LEMMA 3.7
Lemma A.
Proof. From (3.6), we have
. Hence, we have
Hence, from (3.7) and (A.2), we have
Now, we will show that for nonnegative integers k,
Using the property of complex interpolation, (A.4) implies lemma 3.7.
From Lemma A.1, we have
where Q 1 and Q 2 are defined in (3.6) and (3.7), and A and B are defined in Lemma A.1, respectively.
From Lemma 3.4, we have
2), Lemma 3.1 and Lemma 3.4 continuously, we get
. If k > 0, then by (1) of Lemma 3.1, we have (2) of Lemma 3.1, we have
Therefore we obtain the estimate (A.4).
APPENDIX B. PROOF OF LEMMA 3.8
Since the proofs will be done by the same way, we prove only the case of Γ * * Pf .
Recall (
Hence, from Hardy-Littlewood-Sobolev inequality (see [34] ), we have Hence, we proved Lemma 3.8 for α = 0.
As the same reason to (B.4), we have
where π 1j (x, t) = 4D xn N (Γ * t h j | xn=0 ). From (3.2), Lemma 3.1 and Lemma 3.5, for α > By integrating by parts, by the identity D yn h n = − n−1 j=1 D y j h j and by the identity D 2 yn Γ t * h n = D t Γ t * h n − ∆ y ′ Γ t * h n , π 2 can be rewritten by
From (3.2), Lemma 3.1 and Lemma 3.5, for α > Recalling the formulae (4.10) with (4.6), we split Π 0 in two terms, i.e. Π 0 (x, t) = Π 1 (x, t) + Π 2 (x, t), where ∂N (x ′ − z ′ , x n ) ∂x j t 0 R n + ∂Γ(z ′ − y ′ , y n , t − τ ) ∂y n (Pf ) j (y, τ )dydτ dz ′ .
